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In this paper we study a finite type property of graphs obtained by some n-ary operations on 
infinite graphs, continuing earlier work of A. Torgagev and the author. 
1. Introduction 
Throughout the paper G is a countably infinite, undirected graph without loops 
or multiple edges whose vertex set is X = {x 1, x2, • • • }. 
Define an equivalence relation - on the vertex set X of G in the following way. 
Two vertices x and y are equivalent if and only if they have the same neighbours. 
Let X/ -  = {N1, N2, .. • } be the corresponding quotient set. 
Definition 1. An infinite graph G is of finite type k if [X / - [  = k. Then we write 
k(G)  = k. An infinite graph G is of infinite type if [X/ - [  = oo. 
The subsets N1, N2 , . . .  (the characteristic subsets of G) have the following 
property: each of them consists of isolated vertices only, and any two subsets are 
either completely adjacent or completely nonadjacent in G. The corresponding 
quotient graph g is called the canonical graph of G. If G is of finite type k, we 
often indicate this by writing G --g(N1, . . . ,  Nk). 
We note that the investigation of several structural properties of infinite graphs 
of finite type can be reduced to the investigation of their canonical graphs, i.e., of 
finite graphs. 
In this paper we continue the investigations contained in [4], [2], and [3]. We 
consider various n-ary operations which have as a vertex set the Cartesian 
product of the sets of vertices of those graphs on which the operation is applied. 
Precisely, we consider the noncomplete xtended p-sum (briefly NEPS), the 
Boolean function and the composition of graphs ([1, p. 66 and p. 71]). Our main 
theorems give necessary and sufficient conditions for the resulting raphs to have 
the finite type property. 
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2. Noncomplete xtended p-sum 
Definition 2. Let Gi = (X~, Ui) (i = 1, . . . ,  n) be infinite graphs, where X~ and U~ 
denote the corresponding sets of vertices and of edges. Further, let ~ be a set of 
n-tuples ( i l l , . . . ,  ft,) of symbols 0 and 1, which does not contain the n-tuple 
(0 , . . . ,0 ) .  The NEPS with basis ~ of the graphs G1, . . . ,  Gn is the graph 
G = (X, U), where X = X 1 x • • • x Xn and in which two vertices (Xl, • • •, xn) and 
(Y~, • • •, Yn) are adjacent if and only if there is an n-tuple (ill, • • •, fin) in ~ such 
that x~ = Yi holds exactly when fli = O, and xi is adjacent o yi in G, exactly when 
/~/ "-" 1. 
Let ~p ( l~<p<~n)  be the set which consists of all possible n-tuples 
(fl~, • • . ,  fin) with exactly p ones. The NEPS of G~, . . . ,  G,, with respect to the 
bases ~p, [,..J~'=~ ~i  and ~n are called the p-sum, the strong product and the 
Descartes product, respectively. 
A graph containing at least one edge is said to be a nontrivial graph. 
Theorem 1. Let G be the NEPS of nontrivial infinite graphs G1, •. •, Gn. Further, 
/et {il, • • . ,  ir} be the set of all integers i such that each n-tuple from ~ has a "1" 
on the ith place, and let { j l , . . . ,  is} = (1 , . . . ,  n}\{il, . • . ,  i,}. Then G is of finite 
type if and only if the following conditions hold: 
(1) 1 <-r<<-n; 
(2) the set {(flj,, . . . , fljs) l fl • ~} contains all s-tuples of  symbols 0 and 1; 
(3) the graphs G i l , . . . ,  G~, t~j~,... ,  t~js (where t~ denotes the complement of 
G) are of finite type. 
I f  k(Gi~) = k,, (v=l , . . . , r )  and k(G~)=kr÷v (v=l , . . . , s ) ,  then k(G) <~ 
kx""  kn, where equality holds if and only if Gi~ (v = 1 , . . . ,  r) are graphs 
without isolated vertices. 
We prove first the following lemmas. 
Lemma 1. Under the hypotheses of Theorem 1, the NEPS G is of  infinite type if 
r = 0 holds. 
Proof. Note that there is at least one edge (x° ,y°)eUi  ( i= l , . . . ,n ) .  
Distinguish the following two cases: 
Case 1. There are two n-tuples (oq , . . . ,  tr,) • ~ and (ill, • • -, ft,) ~ ~ such that 
trio = O, flio = 1 for an io (1 ~< io ~< n) and tri = fli for i :~ i o. 
Assume that (0, fiE,-- -, ft,) • ~,  (1, f iE , . . . ,  fin) ~ ~ hold. We prove that no 
two vertices from the set Y={(x l ,  x° . . . , x° ) lx leX1} are equivalent. Let 
(xl, x° . . . ,  x°), (Yl, x° -  - . ,  x°) • Y. Further, let zi = x ° if t ,  = 0, and z~ = yO if 
fli = 1. Then the vertex (xl, zE, . . . ,  zn) is adjacent o (Xl, x ° . . . ,  x °) but not to 
(Yl, x°  • • . ,  x°) • We conclude that G is of infinite type. 
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Case 2. There are no two n-tuples (a , . . . ,  an) • ~ and (~1'"  " ",  /~n) ~ ~ with 
the described property. Then the n-tuples which do not belong to ~ contain at 
most h units, where 0 <~ h < n - 1. Assume that 
( ,~ . ,1 ,  O , . . . ,O)~N. ,  
h 
Let Gn be a graph of finite type, i.e., Gn = g(N1, . . . ,  Nk) and let the set N 1 be 
o X,) IXn • N1} have infinite• Then no two vertices from the set Z = {(x °, . . . ,  Xn_l, 
the same neighbours. Indeed, if (x° , . .  o xn), (x°,. • o •, xn-1, •, Xn-l, Yn) e Z, then 
the vertex (yO, . . . , yO+p xO+2, • • • , x,-l,° x,) is adjacent o (x°, . . . , x°n-1, xn) but 
not to (x°, . . o •, X._l, Y,)- Thus, there are no equivalent vertices in Z and G is a 
graph of infinite type. 
Suppose now that Gn is a graph of infinite type, i.e., Gn = g(N,  N2, • . . ) .  Let z ° 
(i = 1, 2 , . . . )  be fixed vertices from the sets Ni, respectively, and let W = 
{(x° ,  • .  •, x._.° z° ) l i  = 1, 2, . . .}. Then no two vertices (x° , . .  •, x,-l,° z °) and 
(x°,. • •, x,_l,° z °) (i ~: j)  from the set W have the same neighbours. Indeed, there 
0 Let is a vertex y • Xn which is adjacent exactly to one of the vertices z °, zj.
for example (Y, z ° )•  Un and (y ,z  °)¢Un. Consequently the vertex 
(yO, . . . ,  yO, Xh+l,0. . .  , xOn-a, y) is adjacent to (x° , . .  •, X,-l,° z °) but not to 
(x °, • • •, x,_l,° z°). Thus, G is a graph of infinite type. 
This completes the proof of Lemma 1. [] 
Corol lary 1. The strong product of nontrivial infinite graphs G~,.•., Gn is of 
infinite type. 
Coronary 2. The p-sum (1 <~p < n) of  nontrivial infinite graphs Gx, • • •, Gn is o f  
infinite type. 
Lemma 2. Under the hypotheses of  Theorem 1, the NEPS G is o f  infinite type if 
1 <- r < n holds and i f  the set { ( f l j l , . . . ,  fljs) I fl • ~} does not contain all s-tuples of  
symbols 0 and 1. 
We omit the proof, in view of the similarity with the proof of Lemma 1. 
Proof  of  Theorem 1. Let 1 ~< r < n and let the set {(fljl, • . . ,  flj,) ] fl • ~} contain 
all s-tuples of symbols 0 and 1. We shall prove that G is of finite type if and only 
if the graphs Gi l , . . . ,  Gi,, t~ j l , . . . ,  Gj, are of finite type. 
Without  losing the general i ty,  assume that iv = v (v = 1 , . . . ,  r). 
Sufficiency. Let the graphs G1, . . . ,  (3, (~r+l , - . . ,  (~,, be of finite type, i.e., 
Gi m gi(N~, . . . , N~,) (i = 1 , . . . ,  r) and C'i = g,(N~, . . . , Nik,) (i = r + 1 , . . . ,  n). 
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The vertex set X of G can be partitioned into kl • • • k,, mutually disjoint subsets 
Yt~ , ,=N~,x . . .  xN ~ ( t i= l ,  k , ' i= l ,  n). (1) 
, - - . ,  I n  " " " ~ ' " " " 
Here, no two vertices (x l , . . . ,  xn) and (y~, . . . ,  y,,) from the set Y~, ..... ,n are 
adjacent in G, because their first r coordinates are not adjacent in the graphs Gi 
(i = 1, . . . ,  r), respectively. Let ( (x l , . . . ,  xn), (Zl, . . . ,  zn)) • U. Then (xi, zi) • Ui 
(i = 1 , . . . ,  r) and either x~ = z~ or (x~, zi) • U~ (i = r + 1 , . . . ,  n). It follows that 
(Yi, zi) • Ui (i = 1 , . . . ,  r), since the vertices from N~, have the same neighbours. 
Besides, we have that either yi = z~ or (Yi, z;) • U, (i = r + 1 , . . . ,  n) in view of the 
corresponding properties of the sets N~,. Hence ( (y~, . . . ,  y,,), ( z~, . . . ,  z,,)) • U 
and the vertices (x l , . . . ,  x,,) and (y~,...  ,y,,) have the same neighbours. 
Consequently, each of the sets (1) contains only equivalent vertices. We conclude 
that G is of finite type k and k ~< k 1 • • • k,,. 
Now let Q, . . . ,  G, be graphs without isolated vertices. We prove that xl and 
Y l , . . . ,  Xn and y,, are equivalent in G~, . . . ,  Gr, t~r÷l,- - . ,  (~,,, respectively, 
provided that the vertices (x~, . . . ,  xn) and (Yl, • • •, Y,,) are equivalent in G. 
Without losing the generality, assume that xi ~ yi (i = 1 , . . . ,  n). We prove that 
(xi, Yi) ~ Ui (i = 1, . . . ,  r) and (x i, Yi) • Ui (i = r + 1, . . . ,  n). Let zi be any vertex 
in G~ such that (x i , z i )•U i  ( i= l , . . . , r )  and x~=zi ( i=r+l , . . . ,n ) .  If for 
example (xl, Yl) • U1, then the vertex (Yl, z2, • • •, z~) is adjacent o (xl, . . . ,  x~) 
but not to (y~, . . . ,  yn), contradiction. If for example (x,,, Yn) ¢ Un, then the vertex 
(Z l , . . . ,Zn - I ,  Xn) is adjacent to (X l , . . . , xn)  but not to (Yl, . . . ,Y~), 
contradiction. 
Next, assume that there is a vertex vi in G; (i = 1 , . . . ,  n) such that vi¢x~, 
vi:~ yi, (xi, vi) • Ui, (Yi, vi) ¢ Ui. Then the vertex (Z l , . . . , z i -1 ,  re, zi+l, . . . , zn) is 
adjacent to (X l , . . . , x~)  but not to (y~, . . . ,  yn), contradiction. Hence, the 
vertices xl and y~, . . . ,  x,, and y,, are equivalent in G~, . . . ,  G~, t~,+~,.. . ,  (~, 
respectively. 
We conclude that any two vertices from the distinct sets (1) are nonequivalent. 
Thus, the sets (1) are the characteristic subsets of G and k = k 1 • • • k,, holds. 
If at least one of the graphs GI, . . . ,  G r has isolated vertices, then obviously 
k < k 1 • • • kn holds. 
Necessity. Let at least one of the graphs Gx, . . . ,  Gr, Gr+~, • • •, Cr,, be of infinite 
type. The NEPS Go of the graphs GO, . . . ,  G °, (~r+l,''', (~n, where G O is 
obtained by removing isolated vertices from G~ (i = 1 , . . . ,  r), is an induced 
subgraph of G. As in the previous part, one can prove that the Cartesian products 
of the characteristic subsets of the graphs G° , . . . ,  G °, Gr÷~,. . . ,  t~n form the 
characteristic subsets of Go. Since the set of these subsets is infinite, Go is of 
infinite type. Consequently, G is of infinit~ type, also. 
This, together with Lemmas 1 and 2 completes the proof of Theorem 1. [] 
Corollary 3. The Descartes product of nontrivial infinite graphs G1, • • . ,  Gn is of  
finite type if and only if the graphs G1, • • •, Gn are of finite type. 
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3. Boolean function 
Definition 3. Let G~ = (X~, Ui) (i = 1 , . . . ,  n) be infinite graphs. Further, let f :  
{0, 1} n ~ {0, 1} be an arbitrary Boolean function and ~ the set of all n-tuples 
(fl~, • • . ,  fin) for which f takes the value 1. The Boolean function G =f (Gp. . . ,  
Gn) of the graphs G1, • • . ,  Gn is the graph G = (X, U), where X = X 1 x • • • x X, 
and where U is defined in the following way. The vertices (xv . . . ,  xn) and 
(Yp- . . ,  Yn) are adjacent in G if and only if, for every i, xi ~f y~ and there is an 
n-tuple (/31, • • . ,  fin) in .~ such that the vertices xg and Yi are adjacent in G! ~'1 
(6!  1] -- ai, G! 0] -- (~i)- 
Theorem 2. Let G I , . . . ,  Gn be nontrivial and noncomplete infinite graphs. The 
Boolean function G =f (Gv . . . ,  Gn) is of finite type if and only if ~ contains 
exactly one n-tuple (/31, . . . ,  fin) and the graphs G~ tJ'l, . . . ,  GI~ "1 are of finite type. 
ff k(G! t~'l) = ki (i - 1, . . . ,  n), then k(G) <~ k 1 • .. kn, where equality holds if and 
only if G! t3'l (i = 1 , . . . ,  n) are graphs without isolated vertices. 
Proof. If 1~1 = 1, then G represents the Descartes product of the graphs 
G~t~d,..., G~ "1. By Corollary 3 G is of finite type if and only if the graphs 
Gfa ' l , . . . ,  G~ "1 are of finite type. According to Theorem 1 the second part of 
Theorem 2 follows. 
Let 1~1 > 1 and (aq , . . . ,  a~n), ( f l y . . . ,  fin) • o%. Further, let aq :/: fl~. Then at 
least one of the graphs G~ ~11, Gf t3'l is of infinite type. Indeed, if Ga is of finite type, 
then (~1 is of infinite type, because it contains an infinite complete graph as an 
induced subgraph. Let Gf t~'l be of infinite type. Consider the induced sub- 
graph Go=(Y ,Z ,  Uo) of G, where Y={(x l ,  x° , . . . , x° ) lX leXa} , Z={(xa ,  
o and y0 are adjacent in v~ yO,..., yO) lxl •Xa} and the vertices xi Gtt~,! (i = 
2 , . . . ,  n). If (/~,, f12, • • •,/3,) • ~, where 
( ;  if /31 = 0' 
/31 = if/31 = 1, 
and xl ~ y~, then ((xl, x° . . . ,  x°), (Yl, yO. . . ,  yO)) • U. If (/~1, /32, - • •,/3,) ¢ ~:, 
then ((x~, x° . . . ,  x°), (y~, yO. . . ,  yO)) • U if and only if xl and YI are adjacent in 
Gf t~d. In both cases Go is of infinite type, since it contains infinitely many 
nonequivalent vertices. We conclude that G must be of infinite type. 
This completes the proof. [] 
4. Composition 
Definition 4. Let Gi = (X~, Ui) (i = 1 , . . . ,  n) be infinite graphs. The composition 
GI[G2[""" [G , ] ] ' - - ]  of the graphs G I , . . . ,  G, is the graph G =(X,  U), where 
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X = X1 x - - -x  X,, and in which two vertices (x l , . . . ,  x~) and (Y l , . . . ,  Y~) are 
adjacent if and only if there is an integer m ( l~<m~<n)  such that x i=y i  
(i = 1 , . . . ,  m - 1) and (x,n, Ym) • Urn. 
Theorem 3. The composition of infinite graphs G1, • • •, G~ is of finite type if and 
only if G1 is of finite type and G2, • • •, G, are graphs without edges. 
Proof.  We shall distinguish two cases: first, all G2, . . . ,  Gn are graphs without 
edges, and second, at least one among them is nontrivial. 
In the first case, two vertices (xl, • • •, x,,) and (Yx, • • •, Y~) of G are adjacent if 
and only if the vertices x x and Yl are adjacent in Gr  Thus, the graph G is of finite 
type if and only if G1 is of finite type. If GI=g(NI , . . . ,Nk) ,  then G= 
g(N~, . . . , N~), where N; =Ni  x X2 x . . .  x X~ (i = 1 , . . . ,  k). 
In the second case, let for example the graph Gj (2 <~j ~< n) be nontrivial, i .e., 
(x°,y °) eUj. We prove that the set Y={(X l ,  x° . . . ,X°n)  lX leS l}  does not 
contain equivalent vertices. It is sufficient to prove that any two nonadjacent 
vertices (xl, x° . . . , x  °) and (yl, x° . . . , x  °) from Y do not have the same 
neighbours. Indeed, (x~,yx)~U 1 and the vertex (x~,x° . . . , x°_ l ,  yO, 
Xj+l,° . . .  , x °) is adjacent to (xl, x ° • • , x °) but not to (yl, x °, . . . , x°). Thus, in 
this case G must be of infinite type. 
This completes the proof. [] 
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